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a  b  s  t  r  a  c  t

In  the steelmaking  continuous-casting  (SCC)  process,  scheduling  problem  is  a key issue  for  the  iron  and
steel  production.  To  improve  the  productivity  and  reduce  material  consumption,  optimal  models  and
approaches  are  the  most  useful  tools  for production  scheduling  problems.  In this  paper,  we firstly  develop
a  mixed  integer  nonlinear  mathematical  model  for the  SCC  scheduling  problem.  Due to  its  combinatorial
nature  and  complex  practical  constraints,  it is  extremely  difficult  to cope  with  this  problem.  In order
to  obtain  a near-optimal  schedule  in  a reasonable  computational  time,  Lagrangian  relaxation  approach
is  developed  to solve  this  SCC  scheduling  problem  by  relaxing  some  complicated  constraints.  Owing  to
the existence  of  the  nonseparability  coming  from  the  product  of two  binary  variables,  it is still  hard  to
deal  with  this  relaxed  problem.  By making  use  of their  characteristics,  the subproblems  of  the relaxed
problem  can  be converted  into  different  difference  of  convex  (DC)  programming  problems,  which  can  be
solved effectively  by using  the  concave–convex  procedure.  Under  some  reasonable  assumptions,  the  con-

vergence  of  the  concave–convex  procedure  can  be  established.  Furthermore,  we introduce  an  improved
conditional  surrogate  subgradient  algorithm  to solve  the  Lagrangian  dual  (LD)  problem  and  analyze  its
convergence  under  some  appropriate  assumptions.  In addition,  we present  a simple heuristic  algorithm
to  construct  a feasible  schedule  by  adjusting  the  solutions  of  the  relaxed  problem.  Lastly,  some  numerical
results  are  reported  to  illustrate  the efficiency  and  effectiveness  of  the  proposed  method.

©  2017  Elsevier  Ltd. All  rights  reserved.
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. Introduction

The iron and steel industry, one of the cornerstone industries,
akes a material contribution to the world economy by providing

aw materials for a number of other important industries, such as,
achinery manufacturing, shipbuilding, petro-chemical and con-

truction industry. Unlike other industries, the process of iron and
teel production runs at high-temperature and high-weight mate-
ial flow with complicated technological processes and extensive
nergy consumption (Li et al., 2012). In the iron and steel indus-
ry, SCC process plays a significant role, since it is one of the largest
ottlenecks in the manufacturing process. Production scheduling in
he iron and steel industry has been recognized as one of the most
ifficult industrial scheduling problems (Harjunkoski and Gross-
ann, 2001). In the SCC process, two main tasks of scheduling

re to determine which orders are allocated to each machine, and
ssign the sequence of orders allocated at each stage (Li et al., 2011;
ang et al., 2000). Due to its combinatorial nature, strict require-
ents on material continuity and complex practical constraints, it

s extremely challenging to solve the scheduling problems of the
CC process. Optimal scheduling of the SCC process can effectively
mprove machine productivity, reduce material and energy con-
umption and minimize production cost (Li et al., 2016b; Ye et al.,
014). Therefore, it is critical to develop an effective and efficient
ptimization model and approach to cope with the complicated
cheduling problem of the SCC process.

In recent years, most published works on optimization mod-
ls and approaches for scheduling problems of the SCC process
an be roughly classified into three categories: mathematical pro-
ramming methods, artificial intelligence methods and heuristic
ethods. Using mathematical programming methods, Bellabdaoui

nd Teghem (2006) presented a mixed integer mathematical model
or the scheduling of steelmaking continuous casting production,

hich can be solved by using some standard software packages.
arjunkoski and Grossmann (2001) presented a decomposition
lgorithm to split the large scheduling problem of steel indus-
ry into smaller subproblems that can often be solved optimally
y using mathematical programming methods. Mao  et al. (2014)
odeled the SCC scheduling problem as a mixed-integer linear

rogramming problem and proposed a novel Lagrangian relax-
tion approach to solve this problem. Mao  et al. (2015) presented

 time-index formulation for the SCC scheduling problem and
eveloped an effective subgradient method and dynamic pro-
ramming approach to deal with this scheduling problem. Tang
t al. (2002) formulated a novel integer programming formula-
ion with a separable structure for SCC scheduling problem and
eveloped an improved solution method by combining Lagrangian
elaxation, dynamic programming and heuristics to solve this prob-
em. Ye et al. (2014) introduced robust optimization and stochastic
rogramming approaches for addressing a medium-term produc-
ion scheduling of the large-scale steelmaking continuous casting
rocess under demand uncertainty. With respect to artificial intel-

igence methods, Atighehchian et al. (2009) investigated a novel
terative algorithm by combining ant colony optimization and non-
inear optimization methods for scheduling of the SCC production.
iang et al. (2015) investigated a mathematic programming model
or the SCC scheduling problem with controllable processing times
nd proposed a meta-heuristic algorithm by comparing differential
volution algorithm with a variable neighborhood decomposition
earch to address this problem. Li et al. (2014) formulated a realistic
ybrid flowshop scheduling problem model for steelmaking casting
rocess and developed an effective fruit fly optimization algorithm

o solve the steelmaking casting problem. Li et al. (2016) proposed

 hybrid fruit fly optimization algorithm and successfully applied
o solve the hybrid flowshop rescheduling problem with flexible
rocessing time in steelmaking casting systems. Long et al. (2016)
 Engineering 106 (2017) 133–146

studied a dynamic scheduling model with NP-hard feature for the
SCC scheduling problem under the continuous caster breakdown
and developed a hybrid algorithm featuring a genetic algorithm
combined with a general variable neighbourhood search to solve
this model. Pan (2016) addressed a new SCC scheduling problem
arising from iron and steel production process, modeled this prob-
lem as a combination of two  coupled sub-problems and presented
a novel cooperative co-evolutionary artificial bee colony algorithm
with two sub-swarms to address the sub-problems of this schedul-
ing problem, respectively. Tang and Wang (2010) designed an
improved particle swarm optimization algorithm for the hybrid
flowshop scheduling problem in the integrated production pro-
cess of steelmaking continuous-casting. Tang et al. (2014) studied
an improved differential evolution algorithm to solve a challeng-
ing problem of dynamic scheduling in the SCC production. Zhao
et al. (2011) formulated a mathematical programming model for
the SCC scheduling problem and proposed a tabu search algorithm
to deal with the allocation and sequencing decisions. As for heuris-
tic methods, Missbauer et al. (2009) proposed a mixed integer linear
programming model for the SCC scheduling problem and presented
a three-stage heuristic solution procedure to improve the schedule
by means of a linear programming model. Pacciarelli and Pranzo
(2004) modeled the SCC scheduling problem by means of the alter-
native graph and described a beam search procedure to tackle with
this problem. Yu and Pan (2012) proposed a three-stage reschedul-
ing method including the batches splitting, forward scheduling
method and backward scheduling method for solving a novel multi-
objective nonlinear programming model of the SCC production
process. Yu et al. (2016) considered a job start-time delay issue for
the SCC rescheduling problem and carried out an effective heuris-
tic rescheduling algorithm for the SCC production system to quickly
respond to any disruption with a proper rescheduling plan.

Inspired by the above existing literatures, the motivation and
main contribution of this paper are in following directions. Firstly,
the optimization models for the SCC scheduling problems are
usually described by adopting a big-M strategy (Harjunkoski and
Grossmann, 2001; Jiang et al., 2015; Li et al., 2016a; Long et al.,
2016; Missbauer et al., 2009; Mao  et al., 2014; Pan, 2016; Tang
et al., 2002, 2014; Tang and Wang, 2008; Ye et al., 2014), which
play a significant role in improving the productivity and reducing
the cost of the entire production process. In the big-M strategy,
the main drawbacks are that the computation time will increase
owing to the existence of redundant constraints (Tang et al., 2013;
Vallada and Ruiz, 2011) and the big-M formulation usually pro-
duces much looser lower bound (Mao  et al., 2015). As a result,
we address a new mixed integer nonlinear mathematical model
for the SCC scheduling problem without using the big-M strategy
to avoid above weaknesses. Secondly, in most cases, scheduling
problems of the iron and steel industry are NP-hard, which implies
that no algorithm can optimally solve these problems within a rea-
sonable computation time (Chen and Luh, 2003). In 1988, Gupta
(1988) has proved that the two-stage flowshop problem with
identical multiple machines at each stage is NP-hard and two-
stage flowshop problem is also NP-hard even if the number of
machines at one of the two stage is one. Due to the complex-
ity, the SCC scheduling problem addressed in this paper is much
more complicated than the two  stages flowshop scheduling prob-
lem (Gupta, 1988), which means that the SCC scheduling problem
is also NP-hard. Therefore, the SCC scheduling problem cannot be
solved optimally within the reasonable computation time. Thus,
Lagrangian relaxation approach is introduced to deal with the SCC
scheduling problem, because this approach can provide a lower

bound to evaluate the optimality of solutions and yield a near-
optimal schedule in a reasonable computational time (Nishi and
Hiranaka, 2013). Up to now, published works on the Lagrangian
relaxation approaches have mainly focused on relaxing the compli-
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Fig. 1. The main process of

ated constraints to decompose relaxed problems into some simple
ubproblems, whose optimal solutions can be obtained easily (Buil
t al., 2012; Fu and Diabat, 2015; Mao  et al., 2014, 2015; Nishi
t al., 2010; Nishi and Hiranaka, 2013; Sun and Yu, 2015; Tang
t al., 2002; Tang and Liu, 2007). Nevertheless, for some compli-
ated scheduling problems, it is extremely difficult to decompose
he relaxed problem into some simple subproblems, due to the
onseparability coming from the product of two  binary variables.
o the best of our knowledge, few studies have been reported on
ow to cope with the nonseparable issue of the relaxed prob-

em for the SCC scheduling problems. By relaxing the complex
onstraints, the relaxed problem can be decomposed into two sep-
rable subproblems. However, it is extremely hard to obtain the
ptimal solutions of these two subproblems, because the Lagrange
unction is nonseparable. By making use of the characteristics of
he relaxed problem, the subproblems are converted into differ-
nt DC programming problems that can be solved by using the
oncave–convex procedure. Thirdly, the multipliers are usually
pdated along the subgradient directions that can be obtained by

ully optimizing the relaxed problem, which means that the con-
ergence of the concave–convex procedure plays a crucial role
n updating the Lagrangian multipliers. Under some reasonable
ssumptions, its convergence is analyzed to guarantee that the
equence generated by the concave–convex procedure can con-
erge to a stationary point of the relaxed problem. Fourthly, another
hallenge task in the Lagrangian relaxation approach is to maxi-
ize the dual function effectively and efficiently (Bertsekas, 1999).
ue to its low memory requirements, subgradient method is fre-
uently used to optimize the dual function. However, zigzagging
henomena will occur for the standard subgradient method and
he subgradient directions are obtained by fully optimizing the
elaxed problem, which can influence the convergence speed. To
mprove the efficiency, we design an improved conditional surro-
ate subgradient algorithm to solve the LD problem and prove its
onvergence under some appropriate assumptions. Lastly, the solu-
ion obtained by solving the LD problem may  not satisfy machine
apacity constraint or operation precedence relationship constraint
f the SCC scheduling problem, which means that it is not a feasi-
le schedule. Hence, a heuristic algorithm is constructed to obtain
 feasible schedule by adjusting appropriately the solutions of the
elaxed problem.

The rest of the paper is organized as follows. In the next sec-
ion, we give a brief description of the production process in
aking-continuous casting.

steelmaking-continuous casting. In Section 3, we formulate a mixed
integer nonlinear mathematical model for the SCC scheduling prob-
lem. In Section 4, an improved solution methodology is designed by
combining Lagrangian relaxation, the concave–convex procedure,
conditional surrogate subgradient algorithm and a simple heuris-
tic algorithm to solve the SCC scheduling problem. Some numerical
results are reported to show the efficiency and effectiveness of the
conditional surrogate subgradient method in Section 5. In the last
section, we make some conclusions about this study.

2. Process description of steelmaking-continuous casting

The SCC production is regarded as a bottleneck in the steel pro-
duction because its production capacity is in general lower than
that of hot rolling and cold rolling production (Tang and Wang,
2008). The main production process of SCC can be broadly classi-
fied into three stages: steelmaking, refining and continuous casting
as illustrated in Fig. 1.

Steelmaking process is one of the most energy-intensive pro-
cesses for producing molten steel from the main raw materials
including iron ore and scrap on electric furnace or basic oxygen fur-
nace. In steelmaking process, impurities such as nitrogen, silicon,
phosphorus, sulfur and excess carbon are removed from the raw
iron, and alloying elements such as manganese, nickel, chromium
and vanadium are added to produce different grades of steel. The
temperature of molten steel and the ingredients of alloy materi-
als are adjusted to ensure the quality of the products cast from
the liquid steel. On the same electric furnace or basic oxygen fur-
nace, a group of molten iron is called as a charge, which is the
basic unit of steelmaking process (Mao  et al., 2014). In the refin-
ing process, the impurities are further eliminated and the required
alloy ingredients are further added into molten steel to improve
the quality of the molten steel. Continuous casting, is a main pro-
cess of steelmaking-continuous casting whereby molten metal is
solidified into qualified steel billet. At this stage, a sequence of
charges must be continuously cast on the same continuous caster
(Pan, 2016). Moreover, a sequence of charges processed on the same
continuous caster is described as a cast that is a basic unit in the
steelmaking-continuous casting production.
In the practical SCC process, the following general assumptions
are usually viable for the scheduling problem.

(1) each stage usually consists of identical parallel machines;
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2) all the jobs must be processed in the same sequence without
skipping;

3) in the steelmaking and refining stages, the setup times are usu-
ally very short, which can be ignored (Pan et al., 2013). However,
a relatively long sequence dependent setup time is considered
between two casts to change equipment;

4) a machine can at most process one job at a time;
5) for the two consecutive operations of the same charge, only

when the preceding operation has been finished, can the imme-
diate next one be started;

6) a job can at most be processed on one machine at any time;
7) all the jobs must be processed continuously on the same batch,

which should not be interrupted.

. Mathematical formulation of the SCC scheduling
roblem

The following notations are adopted to establish a mathematical
odel for the SCC scheduling problem.

ets and number of elements
: index of stage;
, r: charge index;
: cast index;
j: number of the identical parallel machines in stage j;
:  the set of all charges, |�| is the total number of

charges;
n: the set of all charges in the nth cast, n = {1, 2, . . .,  N},

where N is the total number of casts,
�n1

⋂
�n2 = ∅, �n1 ∪ �n2 ∪ . . . ∪ �nn = �, for all

n1 /=  n2 ∈ {1, 2, . . .,  N};
k: the set of indices of all casts on the kth machine at the

last stage;
(n): index of the last job in the nth cast, �n = {s(n − 1) + 1,

.  . .,  s(n)}, s(n) = s(n − 1) + |�n|, s(0) = 0, s(N) = |�|;
(k): index of the last cast on the machine k at the last stage,

b(k) = b(k − 1) + |Bk|, b(0) = 0, b(MS) = N, 1 ≤ k ≤ MS ,
Bk = {b(k − 1) + 1, . . .,  b(k)}, where S is the total number
of stages.

arameters

ij: processing time of the job i at the stage j;
j,j+1: transportation time between the stage j and stage j + 1;
n: the predefined start time of a cast n in the stage of

continuous casting;
un: the setup time between the adjacent casts �n and �n+1

on the same machine in the last stage;
j: penalty coefficient for the waiting time of any job from

the  stage j to stage j + 1;
1: penalty coefficient for the total of starting time before

its predefined time in each cast;
2: penalty coefficient for the total of starting time after its

predefined time in each cast;

ecision variables

ijk: 0/1 variable, equal to 1 if and only if the job i is
processed in the stage j on the kth machine;

irk: 0/1 variable, equal to 1 if and only if the job i precedes
the job r processed on the same machine k;

ij: starting time of the job i in the stage j.
In the SCC process, based on the customers’ demand, the pro-

uction planning is designed well in advance to determine the
rder of the tasks, the relation between charges and so on (Lin
t al., 2016; Sun et al., 2015). Because of the complexity, the pro-
uction planning and scheduling problem of the SCC process are
sually treated sequentially. According to the results of the pro-
uction planning system, scheduling problem of the SCC process is
onsidered about how to determine which orders are allocated to
ach machine and assign the sequence of orders allocated at each

tage. Thus, the sequences of charges in cast are known in advance
or the SCC scheduling problem (Hao et al., 2015; Jiang et al., 2016;

ao  et al., 2014; Pan, 2016). Consequently, combining the above
otations with the assumptions described in Section 2, the math-
 Engineering 106 (2017) 133–146

ematical model for the SCC scheduling problem can be formulated
as follows:

Objective function:

min  G = G1 + G2 + G3, (1)

with

G1 =
|�|∑
i=1

S−1∑
j=1

Cj(ti,j+1 − ti,j), (2)

G2 = D1

N∑
n=1

max{0, dn − ts(n−1)+1,S}, (3)

G3 = D2

N∑
n=1

max{0, ts(n−1)+1,S − dn}. (4)

Constraints:

ti,j+1 − ti,j − Pi,j ≥ Tj,j+1, ∀i ∈ �,  ∀j ∈ {1, 2, . . ., S − 1}. (5)

ti+1,S = ti,S + Pi,S, ∀i, i + 1 ∈ �n, ∀n ∈ {1, 2, . . .,  N}. (6)

ti+1,S − ti,S − Pi,S ≥ Sun, i = s(n), ∀�n, �n+1 ∈ Bk. (7)

Mj∑
k=1

xijk = 1, ∀i ∈ �, ∀j ∈ {1, 2, . . .,  S − 1}. (8)

yrik + yirk = xijkxrjk, ∀i /= r ∈ �,  1 ≤ j < S, 1 ≤ k ≤ Mj. (9)

yrik(ti,j − tr,j − Pr,j) ≥ 0, ∀i /= r ∈ �,  1 ≤ j < S, 1 ≤ k ≤ Mj. (10)

ti,j ≥ 0, ∀i ∈ �,  ∀j ∈ {1, 2, . . .,  S}. (11)

xijk ∈ {0, 1}, ∀i ∈ �, 1 ≤ j < S, 1 ≤ k ≤ Mj. (12)

yirk ∈ {0, 1}, ∀i /= r ∈ �, 1 ≤ j < S, 1 ≤ k ≤ Mj. (13)

In the model formulated above, the objective functions G1, G2 and
G3 are to minimize the total waiting time of the jobs between
the adjacent stages to reduce the temperature loss of molten steel
(Jiang et al., 2015) and the earliness/tardiness of cast starting to
achieve the goal of the just-in-time principle (Jiang et al., 2016; Tang
et al., 2002), respectively. Constraint (5) ensures that there exists
operation precedence constraint, that is, for the same job, the next
operation can be started after finishing the preceding operation
and transferring into the next operation. Constraint (6) enforces
any two adjacent jobs must be processed continuously without any
waiting time in the same batch. Constraint (7) implies there is a
setup time between two adjacent batches on the same machine to
change equipment in the last stage. Constraint (8) expresses that
any job must be processed on one and only one machine at each
stage. Constraint (9) guarantees there exists an operation prece-
dence relationship for the jobs processed on the same machine.
Constraint (10) assures there exists the machine capacity con-
straint, which means that a machine can process at most one job at
a time. Constraints (11)–(13) make sure the range of the decision
variable values.

In the above model, it is easy to see that the objective func-
tions G2 and G3 are nonlinearity. In order to overcome such
difficulties, let tl

s(n−1)+1,S = max(0,  dn − ts(n−1)+1,S) and tu
s(n−1)+1,S =

max(0,  ts(n−1)+1,S − dn), then the objective functions G2 and G3 can
be reexpressed as follows
G2 = D1

N∑
n=1

tls(n−1)+1,S, G3 = D2

N∑
n=1

tus(n−1)+1,S. (14)
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urthermore, the new variables tl
s(n−1)+1,S and tu

s(n−1)+1,S should
atisfy the additional constraints (Tang et al., 2000), given as follows

s(n−1)+1,S = tus(n−1)+1,S − tls(n−1)+1,S + dn, 1 ≤ n ≤ N. (15)

u
s(n−1)+1,S ≥ 0, tls(n−1)+1,S ≥ 0, 1 ≤ n ≤ N. (16)

. Solution methodology

.1. Lagrangian relaxation

In the model formulated above, there exist different variables
n the constraints (9) and (10), which make this model difficult to
eal with. By relaxing the constraints (9) and (10), we can receive
he relaxed problem, given as follows

(�, �) = min(F1 + F2 + F3 + F4), (17)

ith

1 =
|�|∑
i=1

S−1∑
j=1

Cj(ti,j+1 − ti,j), (18)

2 =
N∑
i=1

(D1t
l
s(n−1)+1,S + D2t

u
s(n−1)+1,S), (19)

3 =
|�|∑
i=1

|�|∑
r=1,r /=  i

S−1∑
j=1

Mj∑
k=1

�irjk(yrik + yirk − xijkxrjk), (20)

4 = −
|�|∑
i=1

|�|∑
r=1,r /=  i

S−1∑
j=1

Mj∑
k=1

�irjkyrik(ti,j − tr,j − Pr,j). (21)

ubject to (5)–(8), (11)–(13), (15) and (16) and

irjk ∈ R, ∀i /= r ∈ �,  1 ≤ j < S, 1 ≤ k ≤ Mj. (22)

irjk ≥ 0, ∀i /= r ∈ �,  1 ≤ j < S, 1 ≤ k ≤ Mj. (23)

ere, � and � are the vectors of Lagrangian multipliers {�irjk} and
�irjk} associated with the constraints (9) and (10), respectively.
rom the constraints (9) and (12)), it follows that

irk + yrik ≤ 1, ∀i /= r ∈ �,  1 ≤ j < S, 1 ≤ k ≤ Mj. (24)

hus, we consider to add this new constraint (24) into the relaxed
roblem to improve the quality of the dual problem, which is
efined by

ax�,�L(�, �), (25)

ubject to (22) and (23).
Let F(�, �) =− L(�, �), then the dual problem can be substituted

y

in�,�F(�, �), (26)

ubject to (22) and (23).

.2. Solution of the subproblems

For the given Lagrangian multipliers {�irjk} and {�irjk}, the
elaxed problem can be decomposed into two  subproblems,

 mixed integer nonlinear programming problem and a 0–1

uadratic integer programming problem. Between them, the mixed

nteger nonlinear programming problem can be derived as follows

in  L1 = F1 + F2 + F4 + F5, (27)
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where

F5 =
|�|∑
i=1

|�|∑
r=1,r /= i

S−1∑
j=1

Mj∑
k=1

�irjk(yrik + yirk), (28)

subject to (5)–(7), (11), (13), (15), (16) and (24).
In the above subproblem, it is obvious to find that the Lagrange

function F4 is nonseparable, which makes this subproblem diffi-
cult to solve from a computational point of view. Recently, much
effort has been done to deal with the nonseparability for augmented
Lagrangian relaxation problems, such as, two-level optimization
method (Li and Ierapetritou, 2010), auxiliary problem principle
method (Beltran and Heredia, 2002), diagonal quadratic approx-
imation method (Ding and Bie, 2017) and block coordinate descent
method (Liu et al., 2010). In the current research, there is no conver-
gence analysis for the two-level optimization method or auxiliary
problem principle method. In the Lagrange relaxation approach,
the convergence plays a crucial role in updating the Lagrangian
multipliers effectively. As a result, these two  methods are not avail-
able to solve this subproblem. Currently, many researchers have
made a lot of effort on the convergence of the block coordinate
descent method and diagonal quadratic approximation method.
For the block coordinate descent method, its convergence can be
established under the requirements that the minimizer is unique
at each step or the objective function is quasi convex (Razaviyayn
et al., 2013; Tseng, 2001). In contrast, the convergence of the diago-
nal quadratic approximation method can be guaranteed for convex
programming problems (Ding and Bie, 2017). Unfortunately, for
the above subproblem (27), it is difficult to satisfy the conver-
gence requirements of the block coordinate descent method or
diagonal quadratic approximation method, so these methods are
still not suitable to solve this subproblem. Inspired by the above
ideals, we  design an approximate version of the Lagrange func-
tions by taking full advantage of the characteristics of the relaxed
problem. As a result, the mixed integer nonlinear programming
problem can also be decomposed into two tractable subproblems
by using the concave–convex procedure. Under some appropriate
assumptions, we  can provide a unified convergence analysis for the
concave–convex procedure. Based on the formula (13), we  have
y2
rik

= yrik, then it follows that

yrik(ti,j − tr,j − Pr,j) = 1
2

((ti,j − tr,j + yrik)
2 − yrik

−(ti,j − tr,j)
2) − yrikPr,j.

(29)

Thus, together with the above formula (29), the subproblem (27)
can be transformed into the following problem

min  L1 = F1 + F2 + F5 + F6 + F7, (30)

where

F6 =
|�|∑
i=1

|�|∑
r=1,r /= i

S−1∑
j=1

Mj∑
k=1

�irjk

(
1
2
yrik + 1

2
(ti,j − tr,j)

2 + yrikPr,j

)
, (31)

and

F7 = − 1
2

|�|∑
i=1

|�|∑
r=1,r /=  i

S−1∑
j=1

Mj∑
k=1

�irjk(ti,j − tr,j + yrik)
2, (32)

subject to (5)–(7), (11), (13), (15), (16) and (24).
Let f1 = F1 + F2 + F5 + F6 and f2 = F7. If the functions f1 and f2 are

continuous, then it is easy to prove that the functions f1 and f2 are

convex and concave, respectively. Hence, we relax the restriction
of the constraint (13) further by the following constraint

0 ≤ yirk ≤ 1, ∀i /= r ∈ �, 1 ≤ j < S, 1 ≤ k ≤ Mj. (33)
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s a consequence, we obtain a relaxed problem of the subproblem
1 that is derived as follows

in  L′1 = f1 + f2, (34)

ubject to (5)–(7), (11), (15), (16), (24) and (33).
Therefore, we know that the objective function L′1 is a DC func-

ion (Horst and Thoai, 1999). Besides, there is no doubt to see that all
he constraints are linear equalities or inequalities, which implies
hat the problem (34) is a DC optimization problem (Horst et al.,
991). Due to its simple implementation and good convergence,
he concave–convex procedure, an efficient iterative algorithm,
as been extensively and successfully applied to solve DC opti-
ization problems (Sriperumbudur and Lanckriet, 2012). In the

oncave–convex procedure, a sequence {tl
ij
, yl
irk

} is generated by
olving the following sequence of convex programs through lin-
arizing the concave part (Lanckriet and Sriperumbudur, 2009;
azaviyayn et al., 2013), given as follows

tl+1
ij
, yl+1
irk

) = arg min(f1 + f3 + f4 + R), (35)

here

3 =
|�|∑
i=1

S−1∑
j=1

∇f2(tlij)(tij − tlij), (36)

4 =
|�|∑
i=1

|�|∑
r=1,r /=  i

S−1∑
j=1

Mj∑
k=1

∇f2(ylirk)(yirk − ylirk), (37)

nd

 = f2(tlij, ylirk), (38)

ubject to (5)–(7), (11), (15), (16), (24) and (33).
In the formulas (36) and (37), the parameters ∇f2(tl

ij
) and

f2(yl
irk

) are calculated in the following ways

f2(tlij) =
|�|∑

r=1,r /=  i

Mj∑
k=1

((�rijk + �irjk)(t
l
rj − tlij) − �irjky

l
rik + �rijky

l
irk),(39)

nd

f2(ylirk) = −�rijk(tlrj − tlij + ylirk). (40)

hus, the minimization of the above problem (35) can be decom-
osed into two subproblems to update the sequences {tl

ij
} and {yl

irk
},

espectively. The first subproblem can be determined by

l+1
ij

= argmin
tij

(F1 + F2 + f3 + 1
2

|�|∑
i=1

|�|∑
r=1,r /=  i

S−1∑
j=1

Mj∑
k=1

�irjk(tij − trj)
2),(41

ubject to (5)–(7), (11), (15) and (16).
Obviously, it is easy to see that the subproblem (41) is a

uadratic programming problem, which can be solved directly by
sing some standard software packages, such as, cplex.

The second subproblem can be used to generate the sequence
yl
irk

}, which is deemed by

l+1
irk

= argmin
yirk

(
F5 + f4 +

|�|∑
i=1

|�|∑
r=1,r /=  i

S−1∑
j=1

Mj∑
k=1

�irjk

(
1
2
yrik + yrikPr,j

))
, (42)

ubject to (24) and (33).
Clearly, the above subproblem (42) is a simple linear program-

ing problem. For the fixed multipliers �irjk and �irjk, it is easy to

btain its optimal solution, given as follows

l+1
irk

=
{

1, if �̄irjk ≤ 0 and �̄irjk < �̄rijk.

0, otherwise,
(43)
 Engineering 106 (2017) 133–146

where

�̄irjk = �rijk

(
1
2

+ Pi,j

)
+ �irjk + �rijk + ∇f2(ylirk), (44)

for all i /= r ∈ �, 1 ≤ j < S, 1 ≤ k ≤ Mj.
According to the relaxed problem (17), the other subproblem,

the 0–1 quadratic integer programming problem, can be written as
follows

min  L2 = −
|�|∑
i=1

|�|∑
r=1,r /=  i

S−1∑
j=1

Mj∑
k=1

�irjkxijkxrjk, (45)

subject to (8) and (12).
Based on the formula (12), we  have x2

rjk
= xrjk and x2

ijk
= xijk.

Therefore, we  can obtain

−xijkxrjk = 1
2

(x2
ijk + x2

rjk − (xijk + xrjk)
2)

= 1
2

(xijk + xrjk − (xijk + xrjk)
2),

(46)

and

−xijkxrjk = 1
2

((xijk − xrjk)
2 − x2

ijk − x2
rjk)

= 1
2

((xijk − xrjk)
2 − xijk − xrjk).

(47)

Let �̂irjk = min{0, �irjk} and �̄irjk = max{0, �irjk}, then from (46) and
(47), it follows that

−
|�|∑
i=1

|�|∑
r=1,r /= i

S−1∑
j=1

Mj∑
k=1

�irjkxijkxrjk

= −
|�|∑
i=1

|�|∑
r=1,r /=  i

S−1∑
j=1

Mj∑
k=1

( �̂irjk + �̄irjk)xijkxrjk

=
|�|∑
i=1

|�|∑
r=1,r /= i

S−1∑
j=1

Mj∑
k=1

�̂irjk

(
1
2

((xijk − xrjk)
2 − xijk − xrjk)

)

+
|�|∑
i=1

|�|∑
r=1,r /= i

S−1∑
j=1

Mj∑
k=1

�̄irjk

(
1
2

(xijk + xrjk − (xijk + xrjk)
2)

)

= 1
2

|�|∑
i=1

|�|∑
r=1,r /= i

S−1∑
j=1

Mj∑
k=1

( �̄irjk − �̂irjk)(xijk + xrjk)

+ 1
2

|�|∑
i=1

|�|∑
r=1,r /= i

S−1∑
j=1

Mj∑
k=1

( �̂irjk(xijk − xrjk)
2 − �̄irjk(xijk + xrjk)

2).

(48)

Based on the above formula (48), we have L2 = f5 + f6, where the
functions f5 and f6 are calculated by

f5 = 1
2

|�|∑
i=1

|�|∑
r=1,r /=  i

S−1∑
j=1

Mj∑
k=1

( �̄irjk − �̂irjk)(xijk + xrjk), (49)

and

f6 = 1
2

|�|∑
i=1

|�|∑
r=1,r /=  i

S−1∑
j=1

Mj∑
k=1

( �̂irjk(xijk − xrjk)
2 − �̄irjk(xijk + xrjk)

2). (50)

To solve the subproblem (45), we  consider to solve its relaxed prob-
lem, given as follows
min  L′2 = f5 + f6, (51)

subject to (8) and

0 ≤ xijk ≤ 1, ∀i ∈ �,  ∀j ∈ {1, 2, . . .,  S − 1}. (52)
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ased on the definition of the problem L′2, it is not difficult to see that
his problem is also a DC optimization problem. Thus, the problem
′
2 can be equivalent to solving the following convex problem

l+1
ijk

= arg min

⎛
⎝f5 +

|�|∑
i=1

S−1∑
j=1

Mj∑
k=1

∇f6(xlijk)(xijk − xlijk) + f6(xlijk)

⎞
⎠ ,

(53)

ith

∇f6(xl
ijk

) =
|�|∑

r=1,r /=  i

(( �̂irjk + �̂rijk)(x
l
ijk − xlrjk)

−( �̄irjk + �̄rijk)(xlijk + xl
rjk

)),

(54)

ubject to (8) and (52).
For the given multiplier �irjk, the optimal solution to the above

roblem (53) is listed as follows

l+1
ijk

=
{

1, k = arg min
1≤k≤Mj

�̃ijk,

0, otherwise,
(55)

here

˜ ijk = 1
2

|�|∑
r=1,r /=  i

( �̄irjk − �̂irjk + �̄rijk − �̂rijk) + ∇f6(xlijk). (56)

.3. Convergence analysis of the concave–convex procedure

In the following, our aim is to prove that the sequence
tl+1
ij
, yl+1
irk
, xl+1
ijk

} generated by the concave–convex procedure can
onverge to a stationary point of the relaxed problem under some
easonable assumptions (Razaviyayn et al., 2013), which are sum-

arized as follows.

ssumption 4.1. Let the approximation function f(., .) of g(.) sat-
sfy the following conditions:

f(y, y) = g(y), ∀ y ∈ X,
f(x, y) ≥ g(x), ∀ x, y ∈ X,
∇f(x, y;d)|x=y = ∇ g(y;d), ∀ dwithy + d ∈ X,
f(x, y) is continuous in (x, y).

roposition 4.1. Assume that the variables x = (tij, yirk) and
 = (t′

ij
, y′
irk

) are any feasible solutions of the problem (34).
f g(y) = f1(y) + f2(y) and f (x, y) = f1(x) + ∇f2(t′

ij
)(tij − t′

ij
) +

f2(y′
irk

)(yirk − y′
irk

) + f2(y), then (A1), (A2), (A3) and (A4) in
ssumption 4.1 hold.

roof. According to the definitions of the functions g(y) and f(x,
), it follows that

 (y, y) = g(y). (57)

n the problem (34), the function f2 is concave, then we  have

2(x) ≤ f2(y) + ∇f2(y)(x − y), ∀x, y ∈ X, (58)

hich means that

 (x, y) ≥ g(x). (59)

bviously, the function f(x, y) is continuously differentiable due
o the constraint (33), which implies that the assumption A4 holds.
oreover, the directional derivative of f with respect to the variable
ij and yirk are determined by

f (tij) = ∇f1(tij) + ∇f2(t′ij), (60)
 Engineering 106 (2017) 133–146 139

and

∇f (yirk) = ∇f1(yirk) + ∇f2(y′
irk). (61)

Thus, it follows that

∇f (x, y; d)|x=y = ∇f1(y; d) + ∇f2(y; d) = ∇g(y; d). (62)

Hence, the assumptions A1–A3 also hold due to the formulas
(57), (58) and (62), respectively.

Theorem 4.1. Suppose that Assumption 4.1 is satisfied, then every
limit point of the sequence {tl

ij
, yl
irk

} generated by (41) and (43) is a
stationary point of the problem (34) for the fixed multipliers.

Proof. The concrete proof procedures are similar to Theorem 1
(Razaviyayn et al., 2013).

Theorem 4.2. For the given multipliers, let (t∗
ij
, y∗
irk

) be a limit point

of the sequence {tl
ij
, yl
irk

} generated by (41) and (43), then (t∗
ij
, y∗
irk

) is
also a stationary point to the corresponding subproblem (27).

Proof. Obviously, for the given multipliers, the sequence {yl
irk

}
generated by the formula (43) satisfies the constraint (13), which
implies that the sequence {tl

ij
, yl
irk

} generated by (41) and (43) is a
feasible solution to the relaxed problem (34). Therefore, the limit
point (t∗

ij
, y∗
irk

) of the sequence {tl
ij
, yl
irk

} is also a feasible solution to
the subproblem (27). Thus, we have

L′1(�, �) ≥ L1(�, �). (63)

Since the problem (34) is a relaxed problem to the problem (27),
then we  can obtain

L′1(�, �) ≤ L1(�, �). (64)

Therefore, together with the formulas (63) and (64), we know that
(t∗
ij
, y∗
irk

) is also a stationary point to the subproblem (27).

4.4. Conditional surrogate subgradient method

In the Lagrange relaxation framework, the major challenge is
to optimize the dual function effectively and efficiently, which is
nondifferentiable and concave (Bertsekas, 1999). Due to its low
storage requirements and simple formulation, subgradient method
has been successfully applied to solve large-scale nondifferentiable
convex problem. For the traditional subgradient method, the sub-
differential of F at � = [�, �] is defined as follows

∂F(�) = {g ∈ Rn|F(�1) ≥ F(�) + gT (�1 − �), ∀�1 ∈ Rn}. (65)

In the traditional subgradient method, the subgradient directions
g(�) and g(�) are calculated by

gi,r,j,k(�) = y∗
rik + y∗

irk − x∗
ijkx

∗
rjk, (66)

and

gi,r,j,k(�) = y∗
rik(t

∗
i,j − t∗r,j − Pr,j). (67)

In the above formulas (66) and (67), the parameters t∗
i,j
, y∗
irk

and x∗
ijk

stand for the optimal solution of the relaxed problem.
Based on Theorem 4.2, it is easy to obtain the optimal solution

(t∗
i,j
, y∗
irk
, x∗
ijk

) of the relaxed problem by solving the subproblems
(41), (43) and (55), respectively. However, it may increase compu-
tational cost to obtain an optimal solution of the relaxed problem,
especially for the large-scale optimization problems. In order to

reduce the calculation time, the surrogate subgradient method
is introduced to solve the LD problem, which does not require
the relaxed problem to be fully optimized (Bragin et al., 2015).
For the given multipliers �m and �m, let xl = (tl

i,j
, yl
irk
, xl
ijk

) and
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l+1 = (tl+1
i,j
, yl+1
irk
, xl+1
ijk

) be any feasible solutions of the relaxed prob-
em, a simple surrogate optimality condition is required to satisfy
Bragin et al., 2015), given as follows

(�m, �m, xl+1) < L(�m, �m, xl), (68)

hen the direction gm = [g�m, g�m] is a surrogate subgradient of F(�,
) at �m = [�m, �m], which satisfies the definition of subgradients

65), where g�m = [gm1,2,1,1(�), gm1,3,1,1(�), . . .,  gm|�|,|�−1|,S−1,MS−1
(�)]

nd g�m = [gm1,2,1,1(�), gm1,3,1,1(�), . . .,  gm|�|,|�−1|,S−1,MS−1
(�)] are com-

uted by

m
i,r,j,k(�) = yl+1

rik
+ yl+1

irk
− xl+1

ijk
xl+1
rjk
, (69)

nd

m
i,r,j,k(�) = yl+1

rik
(tl+1
i,j

− tl+1
r,j

− Pr,j). (70)

n the above surrogate subgradient method, the zigzagging of mul-
ipliers may  occur due to the fact that the subgradients are almost
ntiparallel to the normals of the feasible set (D’Antonio and Fran-
ioni, 2009). To avoid the zig-zagging phenomenon, we design a
onditional surrogate subgradient algorithm to solve the LD prob-
em, where the conditional surrogate subgradient directions are
alculated by

�
m =

{
g�m, m = 0,

g�m + ˇ�md
�
m−1, m ≥ 1,

(71)

nd

�
m =

{
ĝ�m, m  = 0,

ĝ�m + ˇ�md
�
m−1, m ≥ 1,

(72)

ith

�
m = 2‖g�m‖2

‖d�m−1‖‖g�m‖ + |g�Tm d�m−1|
, (73)

nd

�
m = 2‖ĝ�m‖2

‖d�m−1‖‖ĝ�m‖ + |ĝ�Tm d�m−1|
.  (74)

he specific iterative steps of the proposed conditional surrogate
ubgradient algorithm are similar to those of the improved subgra-
ient method (Mao  et al., 2014), which can be described as follows:

Step 1: Initialization.
Select ε1 > 0, ε2 > 0, M > 0, 0 < p < 1, ı > 0, ıl1 > 0 (ıl1

enotes the reduction corresponding to the estimation level Fm
lev

),
max > 0 (�max denotes the threshold for adjusting ıl1 ), W > 0 (W

s an even number), t ∈ (0, 1). Given an initial feasible solution
0 = (t0

i,j
, y0
irk
, x0
ijk

) of the relaxed problem. Set F0
best

= ∞,  P0
best

= ∞,
he initial accumulated path �1 = 0, the iteration number m = 1, the
eak-oscillation number r = 0, the strong-oscillation number s = 0,

1 = 1, M[l1] = 1 (M[l1] will denote the iteration number when the
1th update of Fm

best
occurs). Denote h(s) = 1/(s + 1), which is used to

djust the threshold �max.
Step 2: Function evaluation.

If F(�m, �m) < Fm−1
rec , set Fmrec = F(�m, �m) �best = �m

and �best = �m; otherwise, set Fmrec = Fm−1
rec , where Fmrec =

min{F(�j, �j)|0 ≤ j ≤ m}.
If Pbest < P(�m, �m), then set Pbest = P(�m, �m).
If Pbest + F(�m, �m) < ıl1 , then set ıl1 = Pbest + F(�m, �m).
Step 3: Sufficient descent.
If F(�m, �m) ≤ Fmrec − 0.5ıl1 , then set M[l1 + 1] = m, �m =

, ıl1+1 = min{ˇl1ıl1 , ı}, ˇl1 = 1 + 1/Mlp1, l1 = l1 + 1.
 Engineering 106 (2017) 133–146

Step 4: Weak oscillation detection.
Let Dr = F(�m, �m), r = r + 1. If r > W and 	W−2

n=1 |D[n+2]−D[n]
D[n] | 2

W < ε2,
set m1 = m + 1 + 
(h(l1)�max − �m + 1)/‖dm‖�,  �m1 = h(l1)�max +
1, Fm1

rec = Fmrec, �m1 = �m, �m1 = �m, dm1 = dm and m = m[1]. If r > W,
set r = 0.

Step 5: Strong oscillation detection.
If �m > h(s)�max, then M[l1 + 1] = m,  �m = 0, ıl1+1 =

ˇl1ıl1 , ˇl1 = 1 − 1/Mlp1, l1 = l1 + 1, s = s + 1.
Step 6: Calculation of the subgradient and multipliers.
Set Fm

lev
= FM[l1]

rec − ıl1 and dm = [d�m, d�m]. The step size ˛m is cal-
culated in the following way

˛m = t(F(�m, �m) − Fmlev)/‖dm‖2, (75)

then the multipliers �m+1 and �m+1 are updated by

�m+1 = �m − ˛md
�
m, (76)

and

�m+1 = P
(�m − ˛md
�
m). (77)

If the formula (68) holds or ‖xl+1 − xl ‖ < ε1, then the subgradient
directions d�m and d�m are computed by (71) and (72). Otherwise,
set xl

ijk
= xl+1

ijk
, yl
irk

= yl+1
irk

and tl
ij

= tl+1
ij

, resolve the subproblems

(41), (43) and (55) to generate new feasible solution xl+1 =
(tl+1
i,j
, yl+1
irk
, xl+1
ijk

) of the relaxed problem, until formula (68) holds

or ‖xl+1 − xl ‖ < ε1, where P
(x) = argminy ∈ 
 ‖ y − x ‖ 2.
Step 7: Path update.
Let �m+1 = �m + ‖ ˛mdm ‖, m = m + 1.
Step 8: Termination check.
If ˛m < ε1 or |ıl1/FM[l1]

best
| < ε1, then stop; otherwise, go to the Step

2.
In Step 6, the vector ĝ�m is calculated as follows (Wang, 2003)

ĝ�m =
{

0, g�
m,i

≥ 0 and �m,i = 0,

g�m, otherwise.
(78)

Note 1. Different from the iterative steps of the improved subgra-
dient method (Mao  et al., 2014), Steps 3 and 5 are also modified
to adjust the estimation level Fm

lev
effectively. In the Step 3, if

F(�m, �m) ≤ Fmrec − 0.5ıl1 , then from Steps 2 and 6, we know that
the estimation level Fm

lev
can be further improved by enlarging the

reduction ıl1 . By contract, the adaptive strategy of the parameter
ˇl1 is designed in Step 5 to prevent the reduction ıl1 converging to
zero prematurely.

Note 2. In Step 6, if the condition (68) holds, then the direc-
tions calculated by (69) and (70) are the surrogate subgradient
directions obtained by approximately solving the relaxed problem.
Otherwise, if the condition (68) do not hold, then the condition
‖xl+1 − xl ‖ < ε1 is satisfied, which means that the solution xl con-
verge to a limit point of the relaxed problem based on Proposition
4.1, which means that the relaxed problem is solved optimally. At
this time, the directions calculated by (69) and (70) become the
traditional subgradient directions.

From (72) and (74), we have

d�Tm d
�
m−1 = ĝ�Tm d

�
m−1 + ˇ�m‖d�m−1‖2

= ĝ�Tm d
�
m−1 +

2‖ĝ�m‖2‖d�m−1‖2

‖ĝ�m‖‖d�m−1‖ + |ĝ�Tm d�m−1|

=
ĝ�Tm d

�
m−1(‖ĝ�m‖‖d�m−1‖ + |ĝ�Tm d�m−1|) + 2‖ĝ�m‖2‖d�m−1‖2

‖ĝ�m‖‖d�m−1‖ + |ĝ�Tm d�m−1|
� 2 � 2 � 2 � 2
≥
−2‖ĝm‖ ‖dm−1‖ + 2‖ĝm‖ ‖dm−1‖

‖ĝ�m‖‖d�m−1‖ + |ĝ�Tm d�m−1|
≥ 0.

(79)
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imilarly, from (71) and (73), it follows that

�T
m d

�
m−1 ≥ 0, (80)

hich implies any two consecutive surrogate subgradient direc-
ions generated by the above algorithm form an acute angle.
herefore, this algorithm can avoid the zig-zagging phenomenon
D’Antonio and Frangioni, 2009; Larsson et al., 1996).

.5. Convergence analysis of the conditional surrogate
ubgradient method

In this subsection, let � = [�, �], �̂ = [ �̂, �̂], �0 = [�0, �0], �̄1 =
 �̄1, �̄1], �1 = [�1, �1], ˇm = [ˇ�m, ˇ�m], dm = [d�m, d�m], gm = [g�m, g�m]
nd ĝm = [g�m, ĝ�m], then the convergence of the conditional surro-
ate subgradient method can be established under the following
ssumption.

ssumption 4.2. There exists a positive scalar C > 0, such that

g�, g�‖ ≤ C, (81)

here [g�, g�] ∈ ∂F˚(�) = {g ∈ Rn|F(�1) ≥ F(�) + gT(�1 − �), ∀ �1 ∈
}, and ∂F
(�) is the set of all conditional subgradients of F at

.

emma  4.1. Suppose that the directions d�m and d�m are generated by
71) and (72), then the Assumption 4.2 holds.

roof. From the formula (72), it follows that

‖d�m‖ ≤ ‖ĝ�m‖ + |ˇ�m|‖d�m−1‖
≤ ‖ĝ�m‖ + 2‖ĝ�m‖2‖d�m−1‖/(‖ĝ�m‖‖d�m−1‖ + |ĝ�Tm d�m−1|)
≤ ‖ĝ�m‖ + 2‖ĝ�m‖2‖d�m−1‖/(‖ĝ�m‖‖d�m−1‖)

= ‖ĝ�m‖ + 2‖ĝ�m‖
≤ 3‖ĝ�m‖.

(82)

et H =
∑

i ∈ �(
∑S

j=1Pij +
∑S−1

j=1 Tj,j+1), which is the upper bound of
he starting time of each job Mao  et al. (2014). Based on the formula
70), we can obtain ‖g�m‖ ≤ 3H|�||� − 1|(S − 1)MS−1. Hence, from
78) and (82), we have

d�m‖ ≤ 3‖ĝ�m‖ ≤ 3‖g�m‖ ≤ 9H|�||� − 1|(S − 1)MS−1. (83)

n the similar way, it follows that

d�m‖ ≤ 3‖g�m‖ ≤ 9|�||� − 1|(S − 1)MS−1. (84)

hus, set C = (9 + 9H)|�||� − 1|(S − 1)MS−1, it follows that

dm‖ = ‖d�m, d�m‖ ≤ ‖d�m‖ + ‖d�m‖ ≤ C. (85)

his completes the proof.

emma  4.2. Projection theorem: Given some � ∈ Rn, a vector �̄ ∈
 is equal to P
(�) if and only if

�1 − �̄)T (� − �̄) ≤ 0, ∀ �1 ∈ 
.  (86)

roof. Lemma  4.2 can be proved according to Propositions 5.1.2
nd B.11 (Bertsekas, 1999).

emma  4.3. Given some vector �0 ∈ 
,  d ∈ Rn,  ̨ is positive scalar
nd �̄1 = �0 + ˛d.  Let �1 = P
( �̄1) and ḡ = �1 − �̄1, then we have

¯ Td ≥ 0. (87)
roof. Based on the norm definition, we have

‖ �̄1 − �0‖2 = ‖ �̄1 − �1 + �1 − �0‖2

= ‖ �̄1 − �1‖2 + ‖�1 − �0‖2 + 2( �̄1 − �1)(�1 − �0),
(88)
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and

‖�1 − �0‖2 = ‖�1 − �̄1 + �̄1 − �0‖2

= ‖�1 − �̄1‖2 + ‖ �̄1 − �0‖2 + 2(�1 − �̄1)( �̄1 − �0).
(89)

Add these two  formulas, we have

‖ �̄1 − �1‖2 + ( �̄1 − �1)(�1 − �0) + (�1 − �̄1)( �̄1 − �0) = 0. (90)

Together with Lemma 4.2, we  have

( �̄1 − �1)(�1 − �0) ≥ 0, (91)

then from (90), it follows that

gTd = − 1
˛

(�1 − �̄1)( �̄1 − �0) ≥ 0. (92)

Lemma  4.4. Suppose that the directions d�m and d�m are generated by
(71) and (72). Let �̂ and �m be such that F(�m) > F(�̂). If the step size
˛m is updated by (75), then we have

F(�̂) ≥ F(�m) + dTm(�̂ − �m), (93)

and

‖�m+1 − �̂‖2 ≤ ‖�m − �̂‖2 − 2˛m(F(�m) − F(�̂)) + ˛2
m‖dm‖2. (94)

Proof. From the definition of the direction ĝm, it is easy to obtain

gTm(�̂ − �m) ≥ ĝTm(�̂ − �m), ∀m ≥ 0. (95)

Assume that

ĝTm(�̂ − �m) ≥ dTm(�̂ − �m), ∀m ≥ 0. (96)

Clearly, from (71) and (72), the conclusion (96) holds for m = 0. Thus,
from (65) and (95), it follows that

F(�̂) − F(�0) ≥ gT0 (�̂ − �0) ≥ dT0(�̂ − �0). (97)

Now, assume that the formula (96) holds for m,  then together (65)
and (95), we  have

F(�̂) − F(�m) ≥ gTm(�̂ − �m) ≥ dTm(�̂ − �m). (98)

Due to the formula (75), we have

˛m‖dm‖2 ≤ F(�m) − F(�̂). (99)

From (98) and (99), we  have

dTm(�̂ − �m) + ˛m‖dm‖2 ≤ 0. (100)

Take ḡm = P
(�m − ˛mdm) − (�m − ˛mdm), from Lemma 4.3, we
have

dTm(�̂ − �m+1) = dTm(�̂ − P
(�m − ˛mdm))

= dTm(�̂ − �m + ˛mdm − ḡm)

= dTm(�̂ − �m) + ˛m‖dm‖2 − ḡTmdm
≤ dTm(�̂ − �m) + ˛m‖dm‖2.

(101)

Therefore, from (100) and (101), we can obtain

dTm(�̂ − �m+1) ≤ 0. (102)

Owing to the formulas (73) and (74), it follows that

ˇm+1 ≥ 0. (103)
Multiplying dm+1 by the vector (�̂ − �m+1), we have

dTm+1(�̂ − �m+1) = ĝTm+1(�̂ − �m+1) + ˇm+1dTm(�̂ − �m+1)

≤ ĝTm+1(�̂ − �m+1),
(104)
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hich means that the formula (96) holds for m + 1, so the conclusion
98)) is also true for m + 1. Hence, the direction dm is a conditional
ubgradient of F at �m. Then, it follows that

‖�̂ − �m+1‖2 = ‖�̂ − P
(�m − ˛mdm)‖2

≤ ‖�̂ − (�m − ˛mdm)‖2

= ‖�̂ − �m‖2 − 2˛mdTm(�m − �̂) + ˛2
m‖dm‖2

≤ ‖�̂− �m‖2 − 2˛m(F(�m) − F(�̂)) + ˛2
m‖dm‖2.

(105)

emma  4.5. Assume that the step size ˛m is computed by (75), such
hat

m > 0,
∞∑
m=0

˛m = ∞,
∞∑
m=0

˛2
m < ∞.  (106)

hus, the sequence {�m, �m} updated by the conditional surrogate
ubgradient algorithm can converge to a limit point of the Lagrangian
ual problem.

roof. This proof is similar to the proof of the related literatures
Bertsekas, 2011; Larsson et al., 1996).

heorem 4.3. For the conditional surrogate subgradient algorithm,
e have

inf
≥0
F(�m) = F∗. (107)

roof. Assume that

lim
1→∞

ıl1 > 0, (108)

rom Step 3, it is not difficult to know that

inf
≥0
F(�m) = −∞, (109)

hen the conclusion can be obtained.

lim
1→∞

i=l∏
i=1

ˇl1 = 0. (110)

herefore, the cardinality of L is infinite.

m+1 = �m + ‖˛mdm‖ =
m∑

i=M[l]

‖˛idi‖, (111)

o that M[l1 + 1] = m + 1 and l1 + 1 ∈ L.
hus, from Step 5 and (111), we have

m+1∑
=M[l1]

‖˛idi‖ > h(s)�max. (112)

ence, based on Lemma  4.1, we have

m+1∑
=M[l1]

˛i > h(s)�max/C. (113)

wing to Step 5, it follows that

l1 ∈ L

h(l1) =
∞∑
s=1

1
s + 1

, (114)

hen we have

∞∑

=M[l1]

˛i ≥
∑

l1≥l̂1,l1 ∈ L

M[l1+1]−1∑
i=M[l̂1]

˛i >

∞∑
s=ŝ

�max

C(s + 1)
= ∞.  (115)
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Now, to arrive at a contradiction, assume that

inf
m≥0
F(�m) > F∗, (116)

so that for some �̂ ∈ 
 and some ε > 0, it follows that

inf
m≥0
F(�m) − ε ≥ F(�̂). (117)

Because F(�) is continuous over 
 and ıl1 → 0, there is a sufficiently

large l̂1 such that ı
l̂1

≤ ε, then we  have

Fmlev = FM[l1]
rec − ıl1 ≥ inf

m≥0
F(�m) − ε ≥ F(�̂), ∀m ≥ M[l̂1]. (118)

Using this relation and Lemma  4.4, for � = �̂ and ˛m = t(F(�m) −
Fm
lev

)/‖dm‖2, we  obtain

‖�̂ − �m+1‖2 ≤ ‖�̂ − �m‖2 − 2˛m(F(�m) − F(�̂)) + ˛2
m‖dm‖2

≤ ‖�̂ − �m‖2 − 2˛m(F(�m) − Fm
lev

) + ˛2
m‖dm‖2

≤ ‖�̂ − �m‖2 − t(2 − t)(F(�m) − Fm
lev

)2/‖dm‖2

≤ ‖�̂ − �m‖2 − (2 − t)˛2
m‖dm‖2/t.

(119)

By summing these inequalities over m ≥ M[l̂1], we have

(2 − t)/t
∞∑

m=M[l̂1]

˛2
m‖dm‖2 ≤ ‖�

M[l̂1] − �‖2. (120)

If ‖dm ‖ → 0, we know that F(�m) → F*, because F(�m) is a convex
function; otherwise, according to the formula (120), we  have

∞∑
m=0

˛2
m < ∞.  (121)

Because ˛m > 0 and
∑∞

m=0˛m = ∞,  according to Lemma  4.5, the
conclusion can be proved.

4.6. Constructing feasible solutions to the primal problem

In general, the solution of the relaxed problem is not a feasible
solution to the primal problem, which means that machine capacity
constraint or the operation precedence relationship constraint is
violated. In order to obtain a better feasible solution of the primal
problem, we  design an effective heuristic method to construct a
feasible scheduling, which are listed as follows:

• Set the solution {ti,j} of the relaxed problem as an initial list. Let
xijk = 0(i  ∈ �,  1 ≤ j < S, 1 ≤ k ≤ Mj). j = 1.

• According to the initial list {ti,j}, a nondecreasing sequence Tj can
be obtained. If the adjacent elements are equal in the sequence
Tj, exchanging the positions of the two elements when the cor-
responding multipliers of the latter element is larger than the
previous one. Let n = 1, Tj,k = 0, Jj,k = Ø, |Jj,k| = 0, 1 ≤ k ≤ Mj.

• Take Tj(n) as the nth element of the sequence Tj. Set i =
argi ∈ �{ti,j = tTj(n),j}, the job i will process on the machine k*, i.e,

xijk∗ = 1, where k* is calculated in the following way:

k∗ = arg min1≤k≤Mj (Tj,k − ti,j), (122)

with
Tj,k∗ = max{Tj,k∗ , ti,j} + Pi,j. (123)

• Substitute the variable xijk obtained from Step 3 into the con-
straint (9), it follows that
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Table  1
The numerical results of CSS and ISS about the average, duality gaps, running time and iteration (Svs.M = 3vs.4).

Bvs.J Duality gaps (%) Running time (s) Iteration

CSS ISS CSS ISS CSS ISS

4vs.11 2.384 2.384 10.33 28.2 58 194
4vs.12 2.834 2.834 13.08 37.44 61 215
4vs.13 2.918 2.918 15.73 45.44 62 214
4vs.14 3.111 3.112 22.11 59.89 69 249
4vs.15 2.5 2.517 22.57 61.97 66 221
4vs.16 2.617 2.62 28.56 104.39 70 308
4vs.17 2.829 2.831 27.4 98.01 62 266
4vs.18 2.781 2.818 31.05 85.86 63 212
4vs.19 2.243 2.243 32.73 92.74 60 208
4vs.20  3.133 3.133 36.81 106.14 60 211
5vs.11 2.58 2.614 18.1 73.84 64 319
5vs.12 2.706 2.706 21.39 70.9 65 261
5vs.13 2.884 2.929 25.06 69.19 64 216
5vs.14 2.589 2.592 29.87 81.14 64 213
5vs.15 2.217 2.222 35.32 93.37 66 210
5vs.16 2.302 2.303 44.55 121.97 65 214
5vs.17 2.197 2.197 44.79 120.94 64 208
5vs.18 1.914 1.915 45.46 124.77 61 203
5vs.19 2.186 2.186 48.6 135.52 60 203
5vs.20  2.339 2.34 54.39 153.04 59 202
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he bold values represent that the results of CSS method are better than those of IS

irk + yrik =
{

1, xijkxrjk = 1,

0, otherwise.
(124)

ombining with the solution {ti,j} of the relaxed problem, the vari-
ble yirk can be determined by

irk =
{

1, if tij ≤ trj and xijkxrjk = 1,

0, otherwise.
(125)

or all i /= r ∈ �.

Let Jj,k∗ = Jj,k∗
⋃

{i}, then |Jj,k∗ | = |Jj,k∗ | + 1, n = n + 1. If n ≤ |�|, go
to Step 3; otherwise, let j = j + 1, go to the next Step.
If j < S, then go to Step 2; otherwise, go to the next Step.
Substitute {yirk} into the formula (10), then the primal model is a
linear programming model. Finally, the algorithm can be termi-
nated.

. Numerical experiments

In this section, some numerical results are provided to test
he performance of the proposed method. In our experiment, all
lgorithms are implemented in C# language and run on PC with
ntel Core i7-4770 3.4 GHz CPU, and windows 10 operation sys-
em (64 bit). In all algorithms, upper bounds, lower bounds, duality
aps, iteration numbers and running time are used to evaluate
he performance of the conditional surrogate subgradient method
y comparing with the improved surrogate subgradient method
hat is a combination of surrogate strategy and improved subgradi-
nt level method (Mao  et al., 2014). For the improved subgradient
evel method, it is an efficient and effective method to solve the
D problem, which has been successfully applied to solve the SCC
cheduling problems (Mao  et al., 2014, 2015). For simplicity, the
onditional surrogate subgradient method and improved surrogate
ubgradient method are named by CSS and ISS, respectively. For

ach instance, the lower bound (LB) and the upper bound (UB)
re obtained from the LD problem and the constructive heuristic
ethod, respectively. In this paper, all linear programming prob-

ems and quadratic programming problems are solved by using the
4 88.24 63 227

hod in terms of the duality gaps.

standard software package (cplex 12.6) and the duality gap (Millar
and Yang, 1994; Wolosewicz et al., 2015) is calculated by

duality gap = UB − LB

UB + LB
×  200%. (126)

The parameters adopted in the surrogate sub-
gradient algorithms are: the stopping criterion with
ε1 = 1e − 5; the initial parameters ε2 = 1e − 3, ı1 = (P(�0) +
F(�0))/5, U =

∑
i ∈ �(

∑S
j=1Pij +

∑S−1
j=1 Tj,j+1), n = �lg‖g(�0)‖2/U�,

�1 = 10ng�(0)/‖ g�(0) ‖ 2, �1 = 10ng�(0)/‖ g�(0) ‖ 2, g(�0) = [g�(0),
g�(0)], W = 4, t = 0.8, ı = 104, �max = (P(�0) + F(�0))/‖  g(�0)‖, M = 1.5
and p = 0.01. The initial feasible solution t0

ij
is obtained by solving a

linear programming problem of the relaxed problem for the given
multipliers � = 0 and � = 0, and the initial feasible solutions x0

ijk
and

y0
irk

can obtained by using the constructive heuristic method.
The coefficients used in the model are: the objective function

coefficients C1 = 10, Cj = 10 + 20(j − 1)(1 < j < S), D1 = 10, D2 = 110;
the due date db(k−1)+m+1 = db(k−1)+m +

∑nk,m
i=nk,1Pi,S + TB, di0 =∑S−1

j=1 Pi0,j +
∑S−1

j=1 Tj,j+1, i0 = s(b(k − 1)) + 1, k̄m = b(k − 1) +
m, nk,1 = s(k̄m) − s(k̄m − 1),  1 ≤ m < b(k) − b(k − 1),  1 ≤ k ≤ MS ,
Sun ∈ [75, 80], the integer transportation times Tj,j+1 and the inte-
ger processing times Pi,j are uniformly generated from Bertsekas
(2011), Ding and Bie (2017) and Nishi and Hiranaka (2013), Tseng
(2001), respectively.

For the sake of simplicity, we denote stages as S, machines as M,
batches as B and jobs as J. For each pair of the batch and job levels,
we randomly generate 10 instances to test the performance of these
two algorithms. In the experiment, there are 400 test instances to
compare the performance of the conditional surrogate subgradient
algorithm. In Tables 1–4, the average of duality gaps, running time,
iteration, lower bounds and upper bounds are presented to analyze
the performance of the proposed surrogate subgradient method.
From Tables 1–4, it is easy to obtain the following conclusions:
(1) As viewed from the duality gaps, all the duality gaps of the CSS
method and ISS method do not exceed 5%, which imply that
the surrogate subgradient methods can produce a high-quality
schedule for the SCC scheduling problem. Beside, it is obvious
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Table 2
The numerical results of CSS and ISS about the average, lower bounds and upper bounds (Svs.M = 3vs.4).

Bvs.J Lower bounds Upper bounds

CSS ISS CSS ISS

4vs.11 4312198 4312196 4416314 4416314
4vs.12 5014581 5014581 5158858 5158858
4vs.13 5793466 5793466 5964923 5964923
4vs.14 6575164 6575156 6782956 6782956
4vs.15 7484200 7484191 7673764 7675159
4vs.16 8396496 8396350 8619561 8619561
4vs.17 9370882 9370615 9639696 9639696
4vs.18 10420395 10420384 10714446 10718435
4vs.19 11561097 11561085 11823587 11823587
4vs.20 12642303 12642290 13045006 13045006
5vs.11 6558702 6556445 6730252 6730252
5vs.12 7640738 7640728 7850358 7850358
5vs.13 8831415 8831405 9090072 9094214
5vs.14 10108472 10108458 10373683 10373924
5vs.15 11485109 11485095 11742651 11743238
5vs.16 12917547 12917528 13218739 13218739
5vs.17 14433448 14433433 14753870 14753870
5vs.18 16056261 16056245 16366690 16366690
5vs.19 17755348 17755332 18147475 18147475
5vs.20 19512425 19512405 19974610 19974610

Avg.  10343512 10343369 10604376 10604893

Table 3
The numerical results of CSS and ISS about the average, duality gaps, running time and iteration (Svs.M = 4vs.4).

Bvs.J Duality gaps (%) Running time (s) Iteration

CSS ISS CSS ISS CSS ISS

4vs.11 4.4 4.401 18.72 51.61 70 232
4vs.12  4.538 4.786 23.76 78.02 68 269
4vs.13  4.363 4.363 25.87 76.77 63 219
4vs.14  4.375 4.376 30.12 88.39 64 225
4vs.15  4.587 4.606 34.43 102.24 63 219
4vs.16  4.275 4.276 40.41 118.43 63 216
4vs.17  4.572 4.638 45.05 127.92 64 217
4vs.18  4.14 4.14 51.29 149.75 62 214
4vs.19  4.02 4.02 55.53 162.64 62 214
4vs.20  4.093 4.093 61.78 174.34 64 216
5vs.11  3.63 3.638 32.3 91.55 65 218
5vs.12  3.995 4 39.36 122.09 65 240
5vs.13  3.856 3.856 40.37 113.93 63 215
5vs.14  3.962 3.963 46.92 133.23 63 213
5vs.15  3.991 3.992 54.37 155.81 62 213
5vs.16  3.545 3.545 59.22 175.44 60 212
5vs.17  3.317 3.317 66.27 193.7 60 212
5vs.18  3.766 3.767 78.35 205.65 67 210
5vs.19  3.547 3.548 91.06 297.24 71 279
5vs.20  3.352 3.354 108.82 328.37 72 266

50.

T S met

(

(

r
m

Avg.  4.0162 4.03395 

he bold values represent that the results of CSS method are better than those of IS

to see that there are about 60% of the CSS method superior to
the ISS method.

2) In terms of running time and iteration, all the running times and
iteration numbers of the CSS method can make at least 60% and
65% reduction as compared to the ISS method, respectively. For
example, the running time and iteration of the CSS method can
reduced by 78.02−23.76

78.02 × 100% = 70% and 269−68
269 × 100% = 75%

for the test instance 4vs.4vs.4vs.12, respectively. Therefore, this
CSS method can improve the computational efficiency.

3) From the perspective of the lower bounds and upper bounds,
the results of the CSS method have a slight advantage over the
ISS method.
In order to compare the performance of the conditional sur-
ogate subgradient method and improved surrogate subgradient

ethod clearly, the running times and iteration of these surro-
2 147.36 65 226

hod in terms of the duality gaps.

gate subgradient methods are reported at various problem sizes
(problem sizes = machine × stage × batch × job) in Figs. 2 and 3,
respectively. From Figs. 2 and 3, it is clear to see that the results of
the CSS method are much more competitive than the ISS method
in terms of the running time and iteration.

In a word, one can have a conclusion that the presented surro-
gate subgradient method can yield better results than the improved
surrogate subgradient method from the analysis of the numerical
results.

6. Conclusions
In this paper, we study a new mixed integer nonlinear mathe-
matical model for a real-world scheduling problem arising from the
SCC process. Due to its complexity, Lagrange relaxation approach
is adopted to solve this problem, which can yield near-optimal
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Table  4
The numerical results of CSS and ISS about the average, lower bounds and upper bounds (Svs.M = 4vs.4).

Bvs.J Lower bounds Upper bounds

CSS ISS CSS ISS

4vs.11 4856901 4856894 5075454 5075454
4vs.12 5601427 5601416 5861641 5870412
4vs.13 6464827 6464819 6753412 6753412
4vs.14 7337041 7337031 7665323 7665323
4vs.15 8239595 8239582 8626736 8628341
4vs.16 9285836 9285820 9691469 9691469
4vs.17 10251524 10251505 10731310 10738385
4vs.18 11395283 11395263 11877380 11877380
4vs.19 12526413 12526391 13040457 13040457
4vs.20 13724231 13724210 14297577 14297577
5vs.11 7273932 7273919 7543114 7543647
5vs.12 8442174 8442158 8786467 8786893
5vs.13 9693909 9693896 10075298 10075298
5vs.14 11026444 11026428 11472335 11472335
5vs.15 12467188 12467168 12975075 12975075
5vs.16 13962246 13962223 14466187 14466187
5vs.17 15553638 15553618 16078471 16078471
5vs.18 17230483 17230457 17891935 17891935
5vs.19 19010043 19009756 19696432 19696432
5vs.20 20847169 20846971 

Avg.  11257726 11257687 

Fig. 2. Performance profiles about the running time.

s
c
i
T

Fig. 3. Performance profiles about the number of iterations.
chedules within a reasonable computational time. By relaxing the
omplicated constraints, the relaxed problem can be decomposed
nto three subproblems by using the concave–convex procedure.
o improve the computational efficiency, we devise an improved
21558097 21558097

11706662 11707582

conditional surrogate subgradient algorithm to optimize the LD
problem that can overcome the zigzagging phenomena and reduce
the calculation time for finding a suitable subgradient. Moreover,
a simple heuristic algorithm is proposed to construct a feasible
schedule by using the information of the relaxed problem. The
numerical results are reported to indicate that the proposed sur-
rogate subgradient method is superior to the improved surrogate
subgradient method in terms of the running time and iteration
numbers.
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